70 Realization spaces & universality

¢ undevsianding the mulbtude ot polytopes nal twe
GSpects
1) undersyending the veviery of comobinatonal &ypes
2) waatersiencting the variery in the realigatone ot

Pareu’culov com b 'natoval t&ﬂoe

e can | tronc€orm GMU two reqgli'zetons into each

Questiong :

othev COV)-b'\no(ooelj 2
© are ithere clways pa\rtt'cmarlj nice realizationsp
0f fome sov+t ©
—  with Int@ger Coovanater {fov vera'ceos
- In&cribeck in @ Spheve
T a8 Symuetric af tne Courbrnatovics
PQVVVH‘-I'S’
—> the lesson éOday e: almost evevypthing can £acl
P uuV\f\/ercalu‘J-j“ (S at the core o€ +Hhls
o Lhiuge get wilet as soen ag
- dz 4,
- NnNz=d+6¢



+1. Realization spaces
e {ix o combinatowal {-ape (face lattice) F
Det: the realization space R(F) is tne “space of
all polytopes Pc P win combinatonal éﬂpe J.

. nv " I VET Z{ h
%(3:) = {F ,3'_0% ﬂ?dl Ccaiwb‘~izor.‘ol {zgge EF-Qr f

Nx ok
® as o Subset of P K, R(F) comes wh cv rauceal

topology
—> R(F) is a topological space asfociated o
euevy comb inatoriol bdpel ot we can ok

égp\‘co( 4:0190(033 q{ue&’h'omy.

© Lhe defnbon of WR(F) tels we bosfceua nothing about
the pvopecier of e topelogical &pace

Qu@&'l—som&=
e Wow does R(F) “(ook"like ¢ How complicekeat can i+ be 2
e (s [R(F) @ maniColal or not ¢

0 het 0 {ne ciwmendveon of 0263") ?

o is P(F) convectear ?
&‘\‘mplg conneclted 7
COntrvacteble ?

® Con we compute (1€ topologrcal invariante ?



-  Euler chevacteriske
- Betti numbere

— {unctamentol group
— howeology grovpe

e cdoec RLF) conyorn rational pointe

somwe of iwnese ciu,e&’h'o'm’ mGclke mere ¢cenve
when ockeat O tne Meducec! reol zation

NoTE:-

space ??[d——)/ ( trivial branctormatong )

tronetoxme tione cg.- tavnelatony

Hhat preserve tue Covnbr — - roteRoms
Natoaal egpe but exi'cr - general( éineav
fox @uevy polytope tronstornvnahons
- echuve {Lronn-
€ormations

—> &he (mnec@.opavflg
“bloat® {he reclizabom

QPGCQ

6 thore existe a parb'Cu.(or{j NnYce wodle| ot {he
fealaton space tHhat helpe wr underergna beter

how + (00ke ke

Centererect ranlization speee oo (F)

\
— L(QPQCC( ot centered POI(d(.’OPef
= P conrame O in int@rioyr

Ex: 7% (F) ie cn open subser of R(F)
—s Ceptures cll tue esrenhkal properkes of R(F)



0 Recell: Hhere are Ywo weys to deseribe a polytope
1) Pgy- Pn € R — via s versces
2) Qi Oy € Pd —> v ite {acet norwals
o Tnefe aescviphiony ave egw‘ualem— e

conv {p,, . pn § = fxeﬂ?dl {xa.r=41 V;‘f

r _—
necessevly G polytope
torth O Intne 1'm+gn'or

@ (O con €orxce e to be ec_iu,fva(em-;- e fhe

vertex - fowet inciolences (wh«‘om allow recon&Fruction
ot all of F )

o Thig gives us an explieit alefinition ot 2o (F)

_ 1€ verckex
clx(n+m) <PNQJ> =41 e in (-‘oce-fLJ'
< Pi Qy > <41 otnerwive

K@ =1 (pa)e R

o Bo(F) Iis a semi-algebraic sek

= adetined {vom polynomial egualihes cna
$rret n'necilmh'b'es

(in {oct, onhj ('iuadmh'c Poudnown'o.l.c’)
o R(F) Is o subset ot R
— comee with an noluce® t—oPo(og_cJ
® Coulk® be cwonifold or noet .
BUT: dimeneiov is al ready well-cate€ned
{or fem:-algebraic seis

o letl try Lo estimate dim [ (F): DOFs — concrraintks
= dim R(5)



dim P(.F)(z) lo{-n +cl-m - Fyecex—Lacet+ neidences

o C
DOFs Il only er;_aat.'bo contraintp
. lower the odlimevsiaon
= d'(\o < d@d__( - 'Fo al—|(
! N element+ o the
becoure yovne So-called,

Conorrairntd Coelal C(ag €-vector
be rectuvictan+

(NG )
o dfo+oclly - {’o,d,l i¢ known ar the neturcl Guese.

—> ls i} aceurake '?

Excrpies :

o a=2: {o = 2fo —> NG = 228 -2{ = 26
e A=3: Ex: Now -(’o,z-'- 24, (douvble Co‘mt’"”S)

— NG = 3+ 3, - 2§
= 3(fo—F +62) € £
- £ +6 = FHedgs + tronsiationp

+ rotetionse <F°

e Leé’s {ieck see when ﬂ?&?—') behoves n\'celj

ol €3
- R(F) 1s ¢ monfola !
- R(F) /() 1§ Contractible — comnectet

. e e o =

the ! Lsot r‘opﬂ conjeoture “io Lehrsfreaol

(G\/er:.r reclizahon cem be cgnh'nuwﬂ\(f ReCorvecs
'ntoe eugv3 othev realrzotion )

ol=3
— clim ﬂ?[f) = NG = f,,'f‘g (nai—ur‘cl gueer i Co»—n@ci-_)



— F can be reclizect win latiovo( ($herefove integer )
vertex cooranoted ot {aest nermals

- F con be racltrect witn ol ke comb natkorro|
&‘gmvme-l nes !

(— cannol clwaeys be realizeot meerbear n, soy a sphere)

© Simple / Simpliciol polyropes : Ex: To(F)= R(F4)

— let's only consiotev evmpliciol

B '.ro,ec—t - d'cec-—( (econ {acet i a Civnplex andl
_ amteins X verbces )

i RIF) (3) Mo + A, — olfp—, = Ao

* But ¥ i clreadly as lofge as if con get
(Mmouviug every uvevtex IndispenaeuHy onat freelp |

— Likewice {or wmple polytopes RLF) = oLy,
— R(F) s comtracicble , efc. ...

o |n 98”@\!‘0( many L—ht‘ng.!’ Cev Go wrong
~ R(F) mign+ not be a manifelal
Ecawple - R(2¢-cell) has a singular pornt
at the reguler realszation
But twere i+ har oim. 48 = NG

OPEN: IS tvwe climensen euerawolnere ‘(*8.?

— even i€ R(F) it a man/folak ;| NG might be off.
Exawmple b:pgm‘mcoe ove¢ A- priem
cim RLF) = 26 > 2§ = NG




o Next we wonit fo c_}(,@mh(‘g the bodnese ot R(F)

+.2. (ale cdicgrame 8 universality
U 7/

e Recall: ofbme Gele duals

o0
L
N . d
N-vertex dvpalcdmlpe n-peint (n-cl-1)- arrcngewent

e Recall: gphecical g‘ale aiograms

Obtaineat by pscjechng €he

.
) o * \y® nen -tere pointe ot e atfine
g’a(c oual onte tue unt gphere

o — poiniy gre on @ 1-ohynenrore|

¢ e curve | buf {we curve nees 2D

— we con olo GeHev o (oode one

move olivmensyon

Def: (linear) gale diagvom
— we insteodl project on a (noen-contral ) Mjf@vplcne H

+

We also colax the pigjeckions

® © (jater @) i€ dhey
went e ight onto H

o i€ ey needtedt 10
o pass by ine origin



o £ Pio d-dimencional on n vectices , tuen

(
the gcle diagram hase oiwenPion n-ol-2
© in ihe {ollowvg we only discucs 2D Gale olragroms
n-o-2=2 —> n=od+4
® (e will see: polyiopes clart to behave cotldl:j at €4
vertices becrwe then theis 5016 diagsamyp
ere ot J’u—Fﬁ‘c:'eij high olimeneron

£0 encode complex behaviov.

Example: a Z-dimensional o o o P
gale d-agvam .
of some ?-Po(cdl—ope *
gem «
e © ®

() @y Qn € R is @ Gate
diagram of a polytope
iff no Cine seporater all white (blue ) points ana
a Sdngle blue (white) pPoint from iue rost.

(ii) Cach Set+ of idenhcal or Colineox pornte in jhe

ole diagraw encootes a facel ot the polytope
—> nanging the Nealizehow ot a polytope
Canb'nuatwly chonges Jhe g‘a/e oua( so thotf
idenhical [ colinear poinie Stoy foentical /
colineoy

Proo€ : [Ex



2
\/ R
SV VA A

\Q M

/o/.\o\ Some ot the combingtoties
of & polylope gets encoded
in @ poit-~fine arrangement

© ®

7 X

Thm = (Mnév)
2D point-line arrongements cav encode arbitrary

Po(jnam ra( e?ucliws .

—> 2D point- Line evrongemewtks aawn Ccovnpute
arbHraij polynowmiale
—> of-polytopes with d+6¢ vefbees @an encode

Orbﬂrrorj ‘oo((dnom.‘qls*

ldea: point—€ine arvangements cav encode
a+b ana a-b , and Hiemfore polynovrials
—> See (eoGebra files

Thm (um‘ver.mlr}g of polytopes )
For any semi-aigebraic sef S there is o polytope
wnote reclizakion space is "@ssenhaily" S.

1]
via so-celieol stable egu,fvc;lewoe ! LJ



NoTE: {hese Polal-apes' have -Fa(rly high chimensien
. Bvur...

Tnm = (Ricnter- Gebect )
the ceme alreody holos €ov 4—P0l<dl-opé’$‘.'

e Thege 4-—poltdl—0pes hocve MANY verkocee

—> vyevrtex - dimengvon +radlecE

o Pol(dFoPe tealizahon Spac’s are as cewplicgleal ar

clgebroce va rehes

® How boct con Jlneg be <

'£.3. Sowme weira polytopes

Perles configuratson : has no completely rabhonel
- reolrzakovm

Thie givee & 12-vertex & polytope with no rationel
reciizahon |



e /n {act: no {inite Cxtendiom of @ 1o Sufficrent

{0 reprefev+ eveij polytope.

OFPEN - hoas the stellated 120-cell a rehonal
realrzahen 2 \

exHuyae a Pgm miol from evev\y
doclecehedron {ocok unhl nNegh -
bovmg pentagonal p‘cjravnl‘o(.r'

become b/;oy rarnols

Kichler- Gebeet = 10- chimensional polyrope on 14 vertices

with a nen-conneckecl reali2abon gpace

/

<— e line 12,13

[s not allewed?

to crosfe over

he vertex &,

bul there are

Nagl(rzah one

where (+ 10 on

{he other osdle .

[Ziegler]

OPEN : 1€ Jnere cn exawmple with fewer vertices <



— tnie polgtope violeles ine " icojopy conjeckure ¥
—> there cre tweo reclizationy {hot cannef be

comb‘nuau&)g movpheot (nto Caeh othet,



